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ABSTRACT: Function space is one of the fundamental areas of
research in functional analysis. We need to explore some
potential topologies in the family of functions F from some
arbitrary set X into another set Y with a view to investigate
the properties of the various topologies generated on the
family of functions F by subsets of X, such as compactness,
separability and completeness. From the result of the
research, we established the nature or characteristics of the
following function space topologies, namely: Product
topology 7y , Point-open-topology 73 , Topology of point-
wise-convergence J,,,, Compact-open topology 7., Topology

of uniform convergence Jy , and the Seminorm topology Jp .
Comparing the function space topologies, we established that
Iy < J¢ < Jy. This shows that Ty is the strongest. But the
three topologies coincide when X is finite. The product
topology Iy is equally, the Seminorm topology Jp of
point-wise —convergence on F. If the function space has the
topology with the base of the form Nzr;~1(0, ), we call this
topology, the Seminorm topology of uniform convergence on
F. Uses were made of the definition of the defining subbase

and base of a topology. The concept of compactness of a set,
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and the composite mapping were used to establish results. We have also made use of
the definition and properties of seminorm to establish results. It was also established
that the function space topologies are Hausdorff as each one separates points of X.
Uses were made of the Separation Axioms. Not alone, it was established that the
function space topologies are locally convex if F+ contains zero function. This work
contributes to knowledge by having established that “every function space topology
is a product topology™.

Keywords: Function Space, Topology, Seminorm, Separability, Compactness
1.1  INTRODUCTION

Let X and Y be arbitrary sets, and let F(X,¥Y) denote the collection of functions from
X into Y. Any sub — collection of F(X,Y) with some topology is called a function
space. The function space F(X,Y) can be identified with a product set as follows:

LetY, denote a copy of Y indexed by a
€ X, and let F denote the product of sets Y,

i.eF = n{Y,: aeX} (See Oraekie,2014)

Recall that F consists of points p = {a;* a,eX}, which assign to each a;eX

the element a;e¥; = Y.

i.e.F consists of all functions from X intoY,and so F = F(X,Y).

Now for each element a;eX, the mapping e; from the function set F(X,Y) into Y
defined by e;(x) = f(i)

is called the evaluation mapping at i.

Here f is any function in F(X,Y).

Lef: X - Y

Under our identification of F(X,Y) with F,the evaluation mapping e; is precisely

the projection mapping m from F into the coordinate space ¥Y; = Y.

Consider example.
Example 1.1
Let F (1, R)be the collection of all real — valued functions defined onl = [0,1],
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and let f,g,h € F(I,R) be the functions.
F(x) = x2, gx)=2x+ 1, h(x) = sin nx

1
Consider the evaluation functione;: F(I,R) — R, at, say, i= 3

Then,e;(f) = f(i) = f(%) = % and i = 0, f(0) =0

e(9)= 9= g (3)=2,andi =0,g(0) = 1

: 1 :
e;(h) = h(i) = h(f) =l1landi = 00h(0) =1

3
g

2

h
1

—
0 J 1
-1
Fig 1.1
R,

The graphically ploting gives,

e;(f),e;(g) and e;(h) are points where the graphs of f,g and h intersect the vertical
line R; throughx = i

However,no work has been reported on the topological properties of function spaces
such as compactness and completeness or characteristics and relationship with the

family as a function space. Hence the research.

2. Preliminaries

2.1. Product Space
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Let (X;,: i €1) be any class of sets and let X denote the Cartesian product

of these sets

i.e X = m;X; iel.

Note that X consists all points p = {a;:iel}, where a,eX;

Recall that for each igel, we defined the projection m;, from the product set X to the
coordinate space X;

iemy : X — X, by my ({a;:iel}) = aq,

ig
These projections are used to define the product topology (see Lipschutz .5.( 1965)

2.1.1.ProductTopological space or Product Space
Let (X;,J;) be a family of topological spaces and let X be the product of the sets X;.
ie X = m;X;,iel
the coarsest topology Iy an X with respect to which all the projections
Tt X = X
are contiuous is called the (Tychonoff) product topology.
The product set X with the product topology Iy .i.e. (X, Ty ),is called the product

topological space or simply, product space.

Example 2.1.1

Consider the Cartesian plane R* = RxR.

Recall that the inverse m, (a, b) and m, '(a,b) are infinite open strips

which form a subbase for the usual topology on R?

m,R? =mR; — R

thus the usual topology on R? is the topology generated by the projection from R? into

B

;" (a,b)

v m~1(a,b) v

Fig. 2.1
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Proposition2.1.1
Product space of Hansdorff topological spaces is Hansdorff.

Proof:

Let (X; : iel) be a collection of Hansdorff spaces and let X be the product space.
l.e. X = m;X;,iel,

We need to show that X is also a Hausdorff space.

Let P = (aq;:iel )and q = (b;:iel ). be distinct point in X.

Then, P and q must dif fer in at least one coordinate space, say Xj,

i.e . a; :f—'bio

0
by hypothesis X; is Hansdorff; hence there exist disjoint open sets G and H of X;_
such that a; € G and b; € H.
by definition of the product space, the projectionm;, : X

— X, is continuous.
Accordingly
n’in_l[G] and n’in_l [H] are open disjoint Sublet of X containing P and q

respectively.

Thus, X is a Hansdorf f space

X i, Xi

v

;. [G]

;! [H]

ip

i

Fig2.2
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2.2 .Topologies Generated by Functions

Let {(Y}Jj )} be any collection of topological spaces and for each Y,

let there be given a function f;* X — Y, denoted by some arbitrary

non — empty set X.

We wish to investigate those topologies an X with respect to which all the functions

fi are continuous.

We are aware that each f; is continuous relative to some topology on X if and
only if the inverse image of each open subset of Y is an open subset of
X =FXY)

Now, let us consider the following class of subsets of X:

A= U{f;‘_l[ﬁj]:ﬁj <%}

jEh

That is A consist of the inverse image of each open subset of every space Y;

AP

The topology 3 on X generated by A is called the topelogy generated by
the family of functions f;

Properties of the 7.
Here are the main properties of the Jas stated :

(i). All the functions f; are continuous relative toJ .

(ii). Jis the intersection of all the topologies on X with respect to which the
functions f; are continuous.

(iii).J isthe smallest,i.e. coarsest topology on X with respect to which the
functions f; are continuous.

(iv).A is a subbase for the toplogy 7.

Thus, we called A the defining subbase for the topology generated by the
functions f; (Schuptz.S.(1965).

Proof for (i)
For any function f; : (X,9) - (Y}.’Ij)
IfHE ] thenf; '[H €EACT

Hence all f; are continuous with respect to J
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For (ii)
(a) We first show that if the family {HJ,-} of topologies on a set X is given, and
if a function f: X — Y,is continuous with respect to each J;,then f is

continuous with respect to the intersection topology

.Tzﬂ.']'j

ieh
Proof
Suppose f:X — Y iscontinuous,and let E be a closed subset of Y,

then E€ is open, and so f "1[E¢ ] is openin X. But

fHUEC ] = (fFHEDS

Therefore, fC[E] is closed.

Conversely, assume E is closed inY.then it implies that
fY[E]is closed in X.

Let G be an open subset of Y.then G€ is closed in Y, and so

fFLG] = (FLGDE is close in X.

Accordngly , f 1[G] is open and therefore, f is continuous.

(b) Now let 3" be the intersection of all topologies on X with respect to which the

functions f; are continuous.

We need to show that 3 =7".

By the argument above (a), all the functions f; are also continuos with respect to 7°;
hence A  J° and,since 7 is the topology generated by A, JcI .

On the other hand, J is one of the topologies with respect to which the f; are
continuous; hence 3* c 7.

=J=17.

For (iii)
The proof follows from (ii).

(iv).The proof follows from the fact that any class of sets is a sub base of the

topology it generates.

2.3.COVERS
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Let A = {G;},j€A be a class of subsets of X such that
Ac Gj,for some A cCX.
j=1
Then A is called a cover of A,and an open cover if each Gj is open.

If a finite subclass of A is also a cover of A.
i.eif there exists
G; ,Gj, Gj,,... ,G; €A ,such that

Then A is said to be reducible to a finite cover, or contains a finite subcover.

2.3.1. HEINE — BOREL Theorem

One of the most important properties of a closed and bounded interval is

given in the Heine — Borel theorem.

Here,a class of sets B = {BJ-} ,is said to cover a set B if B is contained in the

union of the membersof B,

i.e . B::UBJ-

JjEA
The Theorem (HEINE BORELTHEOREM) 2.3

Let B = [a,b] be a closed and bounded interval, and let G = {G}- : jeh}

be a class of open sets (open intervals) which covers B,

i,e. BC UGJ,-

JjEA
Then,G contains a finite subclass, say {Gh- Gj,,Gj,, . .. ,GJ-“} which also covers B,
i,e. BcC Gii U Giz UG,:S U UGi"

Proof
(see Schutz (1965) page 58

Example 2.3
Let B = [a, b] be a closed and bounded interval

and let {GJ- : jfﬂ} be a class of open sets such that
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B::UGI-

JEA

Then one can select a finite number of the open sets, say

ij,sz,st,... 'G}.n so that B G“ LJG}2 LJG}3 U UG}"

For this and on this above terminology,the Heine — Borel theorem

can be restated as follows:

2.3.1. HEINE — BORALTHEOREM:
Every open cover of a closed and bounded interval B = [a, b]

is reducible to a finite cover.

2.3.2. COMPACT SET
A subset B of a topological space X is said to be compact if every open cover of B

is reducible to a finite cover.

Example 2.3.1

Let B be any finite subset of a topological space X,say B = {by,bs, b, ..., b, }.
Assuming that G = {GJ,-} is an open cover of B,

Then each points in B belongs to one of the membersof G, say

b, € G;,,b, € G;,,b; €Gy,,...,b, € G, ,

Example 2
By the Heine — Borel Theorem,every closed and bounded interval [a, b]

on the real line R is compact.

2.4. LOCALLY COMPACT SPACE
A topological space X is said to be locally compact if and only if every point in X

has a compact neighborhood.

Example 2.4

Consider the real line R with the usual topology. Observe that each point peR is
interior to a closed interval.

i.e.[p—e,p+ €], and that the closed interval is compact by the

Heine — Bovel Theorem.

Hence R is locally compact space.

On the other hand, R is not compact space; for instance, the class
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G = {(..,(-3,-1),-2,0),(-1,1),(0,2), (1,3), ...} is an open cover of R,
but contains no finite sub cover.

Thus we see, by the above example, that a locally compact space need not be compact.
3. MAIN WORK
3,1. PRODUCT SET

Let X and Y be two sets and let f: X

— Y be a function from the set X into the setY.

let F be a family of functions from a set X into the set Y.we denote F = F(X,Y)

and f = f, = f(a) for every aeX.

Then, put m¥, =F V aeX.

Here F becomes a product of copies of Y.

For instance,if X = {a,,a; }.

Then, F =Y, xY,, = m¥g, Va;eX ,i = 1,2. (a product space)

Example 3.1

LetX = {a,,a,,as, ...,a,}. Thenlet f: X — Y such that

F ={f(ay) flaz),....f (a,)}

= F={fl)}Em;Y,, i=12,..,n

From the above examples, we realized that, if f:X — Y, then

f=fla) EMY,VaeX, Ya=Y

Thus,we conclude that F is a product space.wY, of copies of Y foreverya € X .
3.1.1.Point — open Topology J, on the product space .Y,

VaeX

let X be a set,and (Y, J) be a topological space with topology /.

Let the V be any opensetinY,i.eV € J.

Put

V, = {f(a) € F such that f (a) €V}

or

A=m,1[V] = {(feFra,[)=f(@€eEV} .....(1.1)
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IHlustration 3.1

;' [U]
, Ya bemmmmmmmmmo
[ — R SR
HZ : [:al’a2)i -1
O by (V]
i Ty i ________
1 poooe boochores
< : v : .
<4+ X4 aq X5 X
A
Fig 3
Ma, = f(ay) €V = (y4,¥2), an open interval in¥
Mg, = f(ay) € U = (x1,x3), an open interval in X

If f € F,then for any pointa € X,f(a) = y €V for same opensetVin'Y.
=>f€eEV, or fem, V]

And
U V. =F;Ve].
acX:VeJd

Thus, equation (1.1)constitutes a subbase A for a topology on Fas a varies in X

and V varies in J.Then, let the base [ for the topology J on F be denoted by
P = {finite intersections of elements}of A

If V, is an open subset of Y,, then
m, l[V,] © F,amemberof A.

Here,m, is the ath projection map from
F =n,Y, onto the coordinate Y,,V aeX
as it is illustrated in fig 1.1 above,

showing that J, is also a product topology
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onm,Y,, VacX
Thus, the Point — open Topology J, on F is the product tepology J,, an
F =mn,Y,, YvacX

for which all the projections 1, ,aeX are continuous.
This is because the sets in the subbase A are inverse images of open sets in the
coordinate spaces by the projection maps m,

Now suppose that B is a member of the base for the product in an infinite product
space F,where F = R, such that x € X(of copies of R), then for all x € X\U.
; where U is a finite subset of X).

we have this to say,
n,(B) = R

when a is not an element of U and when b € U, then
my(B) = (p—¢&,,p+ &), forsomb € X,p €ER with &, > 0.

If we are given any point a € X,and fi, f>, f,-....€ F converge in (F,[J)
i.e. fi(a), f>(a), ..., fr(a) ... = g(a) in the coordinate space ¥, =Y

= convergence under /J is the usual convergence in Y, by the projection map m,
fora fixed a € X.
Not alone, supposed also thatif b € X

D), fo(B), fs(B), ... = g(B)EV, =Y

= fi, 0 fa .= g in (FJ)

We observed that this convergence is point by point. And so we call J, the topology
of pointwise — conergence J,,

Thus, J, is the topology of pointwise conver gence.

Now suppose that for any x in X, it is true that {f,,(x)} covergesto f(x) in R,.,
wheren = 1,2,... Then it wll be true that {f,} converges to f in (F, Jdo ).
Conversely, suppose that {f,} converges to f in (FJO )

Let y be any point of X and u be any basc open set in R, containing f(y). Then

T = Myl
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(where u,
= u and u, is open for all x) is a basic open set in (I—' Jdo ) containing f

and so cotains {f,,},n = N, say.
Now,letV = myexV,, where V, = (p, —€,px +€), pr ER, forallx € X.

Now V, is not openin J, ,but is open in the next topology we shall consder.

From our terminology we have that,

the point open topology J, on F
= the product topology J,, on F

= the topology of pointwise — conergence J,, on F
= the weaktopology w on F.

i.e.

Theorem 3.1.(Properties of Point Open — Topology).

Let X be on set, and (X, J)be a topological space with the topology J C X.
Let F the family functions of f: X — V,fromXintoV.

The point open topology onF is Hausdorff.

Proof

Let X be a set, (X, J) be a topological space.Let f,g € F be functions such that
f # g and there exists a point a € X such that

f(a) # g(a).

This implies that there must be two disjoint open set H and G in'Y such that
f(a) € H g(a) € G, such that

f €EHa, g EGaand H,NGa =0

Where,H, = n,~* (Ha)and G, = n, '(G,) and each function in F is

many — to — one.

3.2.The Compact Open Topology on the family of functions F =n,Y, ; a
€X

let X and Y be arbitrary sets such that A € X and B C Y respectively.

Let us denote
F(A,B) = {feF: f(A) c B}
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For all family of functions from X into Y such that each function maps A into B.
Consider an example

Examples 3.2

Let A be the defining subbase for the pont — open topology on F.
Since each member of A is of the form.

{feF: f(a) c v} (3.2)

For some fixed aeX and a fixed opensetVinVY.

For this reason,we could denote the set (3.2) by

F(a,V) = {aeX:f(a) c V.

Thus,we could define the subbase A by

A={F(a V)-aeXand V c ¥} (3.3)

Suppose that X and Y are topological spaces and let § be the class of compact
subsets of X,and let G be the class open subsets of Y.

The topology onF = F(X,Y) = n,Y,:aeX , generated by
A={F(EV)EES,VCG)

as a subbase is called the compact open topology J.on
FXY)=F=mn,Y, ; aeX

But the singleton subsets of X are compact, therefore, A contains all membersof

the defining subbase for the point — open topology [J, on
FXY)=F=mn,Y, ; aeX

From the above,we conclude that if X and Y are topological spaces,then the
point — open topology Joon F(X,¥)=F = n,¥, ; aeX

is coarser than the compact — open topology Jc on F.
3.3.TheTopology of Uniform Convergence Jy on
FXY)=F=mn,Y, ; aeX

Let f be a function from X into Y where (X, ) be a topological space and Y = R
such that f:(X,J) — R.
LetF = F(X,R) = myR, : aeX (R, = R).Where R is a real number
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As in the case of the point — open — topology Jo on the product

F =myR, :aeX. WhereR, = R for all aeX

We wish to construct a topology of uniform convergence J, on F such that the
sequence of functions {f, } converges to f in this topology if and only if n, (f,)
converges tom,(f) in R, for all aeX

i.em,+ F— R,

is the ath projection from the product space F ontoc R, = R

the ath coordinate space.

Since R,
= R is endowed with the usual topology, then a base B,, of J, consists of

sets of the form
ﬂ Mo L (rg —€4,Ta + &),

aeX
Wherere R, £, > 0 and finite.

Here,the topology of uniform convergence J, on F, every projectionwof any

member of the base ‘B,, must be bounded in R, = R.

Proposition 3.3

Letf:X — Rbea function fromX into R. Where X is a topological space
and let F = F (X,R) be a family of functions from X into R.

Then, the compact — open topology J- on F is weaker than the topology of

uniform convergence Jy onF .

Proof

We need to show that given any subbasic open set G in . ,then G is openin J,.
ie.G €J., = G EJ,

Now, let E be any compact subset of X and H an open set in R.

Recall that a subbase for compact — open — topology on F is given as

A = {F(S,V): Ees,V c G},

Where § is a class of compact subsets of X and G the class of open subsets of Y.
Thus,

G ={f€eF: f(E) c H}is asubbasic open setin Jj.

= {feF: f(E)c H}or,
nt[H] = (feF: n(f) = f(E)eH)
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=(Fer: r@en. = m

ack

= ﬂffi?f:na(f)eh'a =m,Hy;

ael

for every aeX.(an opensetin J,)
This completes the proof.

Thus, we established that J, is coarser than J, (or J, contains J).

e, Je < Ju-
3.4. ILLUSTRATION/ EXAMPLES
Example 3.4.1
Let F = myR,,V aeR be the product of infinite copies of R indexed by R.
Let the open interval (—e,€) in R,where s > 0 is anumber in R = R, be (—¢, &)a.
Then the subset G = T, (—&,&€)a of F is open in the topology of uniform
convergence in F but not open in the point — open — topology on F.
We also observed that the three function space topologies namely:

Point — open — topology Jo,or topology of pointwise —

1. convergence Jw
2. Compact — open — topology J.
3. Topology of uniform convergence Jy coincide whenever X is a finite set.

Example 3.4.2

Let F be the family of functions f fromRinteoR(f: R — R).

Then there is a sequence {fy}n—1  of function in F which is pointwise convergent
to f, but not unif ormly convergent to f.

For instance, let {f,},=1  be the following sequence of functions in
F(R,R) = Fdefined by

1
£.00 =1 XL iflxl <n

0,if |[x| zn
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The sequence {f,(x)},—1  is said to converge uniformly to a function
g:R — R.

if, for everye = 0,there exists ngeN such that n = ny and € depends on ny.
Implies that, Ifn x) —gx)| <& ,foreveryxeR

Now the sequence {f,(x)},_1  converges pointwise to the constant
function g(x) = 1.

But {f,} does not converge uniformly to g.

1
For instance,let € = 7

Then for everyn eN,there exists point xo = n in R with f(xz) = 0

1
1——|x|,if |xg] < n.
—xl, if Ixo|

Le.fxg)= f(n) =

0,ifn|zn

= {% 0

1
:-f(n)=[1‘ﬁ'" o

0,
So|falxo) —gxp)|=10-1]=1>e
Example 3.4.3
Let fi, f> f3 fa, ... be the sequence of functions fromI = [0,1] into R
defined by fi(x) = «x, £(x) = x%,f3(x) = x* .. f,(x) = x™

Converges pointwise to the function f : [0,1] — R defined by

0,if0<x=1
f&):h, ifx=1

We observed that each of the functions f, is continuous. But the limit function f is
not continuous, thus {f,} does not converge uniformly to f.
3.5.FUNCTION SPACE AS ASEMINORMED LINEAR

Let P = {p;(x)} be a family seminorms on a linear space X .
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and let (X,p) be the seminormed linear space determined by p fori = 1,2, ...
Let F = m; R;":ieA be the product of copies of the nonnegative
real numbers indexed by A

For each element a €X, consider the functioning g : X — F* defined by

g{P; (a)};ieA a point in F*

The function g may not be one — to — one; for since X is linear ,we must have
gla) = —g(a), for any such g.

Letm; : F* — R, be the projectionmap from F* onto R;*

We observed that

Pi(a) = (m; 0g)(a),a e X;

since (m; og)(a) = m; (g(a) = m; ({P(0)}) = Pi(a), ieA

Let

Up, (0,&) = {aeX: P;(a)< &} an open subset of X ;V ieX.

Then

g{U,, (0,8} = {f € F":m(f) €(0,6) cR;” = R}
= ;71 (0,8) oo, (1)

Where ((0,€) € R;* = R*)is an open set in the product topology of F*

Now, the family {Upi. (0,8) ;ieA: £> 0} and its translates consttute the defnng
subbase for the topology on Xdetermined by the family {P;},i € A of seminorms.
The right handside of (1) and its translates constitute the defining subbase for
the product topology on the product space F* (Oraekie 2014).

Then,if X has the seminorm topology,we observe the following relationships:
(a).g is an open mapping

i.e.g maps open sets onto open sets when X has the seminorm topology 3,
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and F* has the product topology J,,.
(b).For each m;,i €A (the projection map from the product space F* onto

the coordinate space R; *,= R*,themapm;og: X
- R; T iscontinuous,

where X has seminorm topology 7, .

(c).Since the compositionmap g: X — Frandm;: F* - R;"

is continuous for each i eA; we deduce (see Liposchutez .5.(1965) as it is
contained in Oraekie (2014) that g must be continuous.

From (1) it follows that g is continuous and open.

Now, consider the system

ﬂ{Up!. (0,£)); Aadefinite index Set}
ieh

= [Jirer: mpe@e) B = RY

ieh

- (1m0, @

iel

(Where (0,£) cR;”
= R+) is an open set in the product topology J, on F* .
We observed that p,, — p inthe sense of the product topology on F*

means p,(a) — p(a) (convergence in the usual sense of scalar).

Let X has the seminorm topelogy and let ay, @z, ..., a,, ... in X convergetoain X .
ief{a,}” , - a
We observed that

p;(a) = (m; 0g)(a), a eX, for everyiecA.
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X g mRt = F*

\ 4

Fig. 3.8

(m;,09)(a1) = Ry~
(m:, 09)(ay) > Ry*

(m;, 09)(az) — R;”

(m; og)(a,) — R; ™
= (m;, 09)(a,) — (m;0g)(a)in R;* foreachi e A and that

P; (a,) — (m;o0g9)(a) = P;(a),for each i€ A.

~___

- ;”7"* and on this,we call the topology Jo the seminorm topology of pointwise
ig. 3.

convergence of F*.

Not alone,if F* has the topology with base sets of the form
(7@, 21
ieh

We call this topology, the seminorm topology of uniform convergence on F*
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